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1. Introdution
In [Ts00℄, H. Tsuji stated several very interesting assertions on the stru-
ture of pseudo-eetive line bundles L on a projetive manifold X. In par-
tiular he postulated the existene of a meromorphi redution map, whih
essentially says that through the general point of X there is a maximal ir-
reduible L-at subvariety. Moreover the redution map should be almost
holomorphi, i.e. has ompat bers whih do not meet the indeterminay
lous of the redution map. The proofs of [Ts00℄ however are extremely
diult to follow.
The purpose of this note is to establish the existene of a redution map in
the ase where L is nef and to prove that it is almost holomorphi this was
also stated expliitly in [Ts00℄. Our proof is ompletely algebrai while [Ts00℄
works with deep analyti methods. Finally, we show by a basi example that
in the ase where L is only pseudo-eetive, the postulated redution map
annot be almost holomorphi in ontrast to a laim in [Ts00℄.
These notes grew out from a small workshop held in Bayreuth in January
2001, supported by the Shwerpunktprogramm Global methods in omplex
geometry of the Deutshe Forshungsgemeinshaft.
Date: May 28, 2018.
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2. A redution map for nef line bundles
In this setion we want to prove the following struture theorem for nef
line bundles on a projetive variety.
Theorem 2.1. Let L be a nef line bundle on a normal projetive variety X.
Then there exists an almost holomorphi, dominant rational map f : X 99K
Y with onneted bers, alled a redution map suh that
1. L is numerially trivial on all ompat bers F of f with dimF =
dimX − dimY
2. for every general point x ∈ X and every irreduible urve C passing
through x with dim f(C) > 0, we have L · C > 0.
The map f is unique up to birational equivalene of Y .
This theorem was stated without omplete proof in Tsuji's paper [Ts00℄.
Relevant denitions are given now.
Denition 2.2. Let X be an irreduible redued projetive omplex spae
(projetive variety, for short). A line bundle L on X is numerially trivial,
if L · C = 0 for all irreduible urves C ⊂ X. The line bundle L is nef if
L · C ≥ 0 for all urves C.
Let f : Y → X be a surjetive map from a projetive variety Y . Then
learly L is numerially trivial (nef) if and only f∗(L) is.
Denition 2.3. Let X and Y be normal projetive varieties and f : X 99K
Y a rational map and let X0 ⊂ X be the maximal open subset where f is
holomorphi. The map f is said to be almost holomorphi if some bers of
the restrition f |X0 are ompat.
2.1. Constrution of the redution map.
2.1.1. A riterion for numerial triviality. In order to prove theorem 2.1 and
onstrut the redution map, we will employ the following riterion for a line
bundle to be numerially trivial.
Theorem 2.4. Let X be an irreduible projetive variety whih is not ne-
essarily normal. Let L be a nef line bundle on X. Then L is numerially
trivial if and only if any two points in X an be joined by a (onneted) hain
C of urves suh that L · C = 0.
In the remaining part of the present setion 2.1.1 we will prove theo-
rem 2.4. The proof will be performed by a redution to the surfae ase.
The argumentation is then based on the following statement, whih, in the
smooth ase, is a simple orollary to the Hodge Index Theorem.
Proposition 2.5. Let S be an irreduible, projetive surfae whih is not
neessarily normal, and let q : S → T be a morphism with onneted bers
onto a urve. Assume that there exists a nef line bundle L ∈ Pic(S) and a
urve C ⊂ S suh that q(C) = T and suh that
L · F = L · C = 0
A REDUCTION MAP FOR NEF LINE BUNDLES 3
holds, where F is a general q-ber. Then L is numerially trivial.
Proof. If S is smooth, set D = C + nF , where n is a large positive integer.
Then we have D2 > 0. By the Hodge Index Theorem it follows that
(L ·D)2 ≥ L2 ·D2,
hene L2 = 0, sine by our assumptions L ·D = 0. So equality holds in the
Index Theorem and therefore L and D are proportional: L ≡ kD for some
rational number k. Sine 0 = L2 = k2D2 and D2 > 0, we onlude that
k = 0. That ends the proof in the smooth ase.
If S is singular, let δ : S˜ → S be a desingularisation of S and let C˜ ⊂ S˜ be
a omponent of δ−1(C) whih maps surjetively onto C. Note that the ber
of q ◦ δ need no longer be onneted and onsider the Stein fatorisation
S˜
δ
−−−−→
desing.
S
q˜
y
yq
T˜ −−−→
nite
T
It follows immediately from the onstrution that q˜(C˜) = T˜ , that δ∗(L)
has degree 0 on C˜ and on the general ber of q˜. The argumentation above
therefore yields that δ∗(L) is trivial on S˜. The laim follows.
2.1.2. Proof of Theorem 2.4. If L is numerially trivial, the assertion of the-
orem 2.4 is lear. We will therefore assume that any two points an be on-
neted by a urve whih intersets L with multipliity 0, and we will show
that L is numerially trivial. To this end, hoose an arbitrary, irreduible
urve B ⊂ X. We are nished if we show that L · B = 0.
Let a ∈ X be an arbitrary point whih is not ontained in B. For any
b ∈ B we an nd by assumption a onneted, not neessarily irreduible,
urve Zb ontaining a and b suh that L · Zb = 0. Sine the Chow variety
has ompat omponents and only a ountable number of omponents, we
nd a family (Zt)t∈T of urves, parametrised by a ompat irreduible urve
T ⊂ Chow(X) suh that for every point b ∈ B, there exists a point t ∈ T
suh that the urve Zt ontains both a and b. We onsider the universal
family S ⊂ X × T over T together with the projetion morphisms
S
p
−−−→ X
q
y
T
Claim 1. There exists an irreduible omponent S0 ⊂ S suh that p
∗(L) is
numerially trivial on S0.
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Proof of laim 1. As all urves Zt ontain the point a, the surfae S ontains
the urve {a} × T . Let S0 ⊂ S be a omponent whih ontains {a} × T .
Sine {a}×T intersets all bers of the natural projetion morphism q, and
sine p∗(L) is trivial on {a}×T , an appliation of proposition 2.5 yields the
laim.
Claim 2. The bundle p∗(L) is numerially trivial on S.
Proof of laim 2. We argue by ontradition and assume that there are om-
ponents Sj ⊂ S where p
∗(L) is not numerially trivial. We an therefore
subdivide S into two subvarieties as follows:
Striv := {union of the irreduible omponents Si ⊂ S
where p∗(L)|Si is numerially trivial}
Sntriv := {union of the irreduible omponents Si ⊂ S
where p∗(L)|Si is not numerially trivial}
By assumption, and by laim 1, both varieties are not empty. Sine S is
the universal family over a urve in Chow(X), the morphism q is equidi-
mensional. In partiular, sine all omponents Si ⊂ S are two-dimensional,
every irreduible omponent Si maps surjetively onto T . Thus, if t ∈ T is
a general point, the onneted ber q−1(t) intersets both Striv and Sntriv.
Thus, over a general point t ∈ T , there exists a point in Striv ∩ Sntriv. It is
therefore possible to nd a urve D ⊂ Striv ∩ Sntriv whih dominates T .
That, however, ontradits proposition 2.5: on one hand, sine D ⊂ Striv,
the degree of p∗(L)|D is 0. On the other hand, we an nd an irreduible
omponent Sj ⊂ Sntriv ⊂ S whih ontains D. But beause p
∗(L) has degree
0 on the bers of p∗(L)|Sj , proposition 2.5 asserts that p
∗(L) is numerially
trivial on Sj , ontrary to our assumption. This ends the proof of Claim 2.
We apply Claim 2 as follows: if B′ ⊂ S is any omponent of the preimage
p−1(B), then p∗(L).B′ = 0. That shows that L.B = 0, and the proof of
theorem 2.4 is done.
2.1.3. Proof of Theorem 2.1. In order to derive Theorem 2.1 from Theo-
rem 2.4, we introdue an equivalene relation on X with setting x ∼ y if x
and y an be joined by a onneted urve C suh that L · C = 0. Then
by [Ca81℄ or [Ca94, appendix℄, there exists an almost holomorphi map
f : X 99K Y with onneted bers to a normal projetive variety Y suh
that, two general points x and y satisfy x ∼ y if and only if f(x) = f(y).
This map f gives the bration we are looking for.
If F is a general ber, then L|F ≡ 0 by Theorem 2.4.
We still need to verify that L · C = 0 for all urves C ontained in an
arbitrary ompat ber F0 of dimension dimF0 = dimX − dimY . To do
that, let H be an ample line bundle on X and pik
D1, . . . ,Dk ∈ |mH|
for m large suh that
D1 · . . . ·Dk · F0 = C + C
′
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with an eetive urve C ′. Then
L · (C + C ′) = L ·D1 · . . . ·Dk · F
with a general ber F of f , hene L · (C + C ′) = 0. Sine L is nef, we
onlude L · C = 0.
2.2. Nef ohomolgy lasses. In Theorems 2.1 and 2.4 we never really used
the fat that L is a line bundle; only the property that c1(L) is a nef lass
is important and even rationality of the lass does not play any role. Hene
our results diretly generalize to nef ohomology lasses of type (1, 1). To
be preise, we x a projetive manifold (we stik to the smooth ase for
sakes of simpliity) and we say that a lass α ∈ H1,1(X,R) is nef, if it is
in the losure of the one generated by the Kähler lasses. Moreover α is
numerially trivial, if α · C = 0 for all urves C ⊂ X.
If Z ⊂ X is a possibly singular subspae, then we say that α is numerially
trivial on Z, if for some (and hene for all, see [Pa98℄) desingularisation
Zˆ → Z, the indued form f∗(α) is numerially trivial on Zˆ, i.e. f∗(α) ·C = 0
for all urves C ⊂ Zˆ. Here f : Zˆ → X denotes the anonial map. Similarly
we dene α to be nef on Z. If Z is smooth, this is the same as to say that
α|Z is a nef ohomology lass in the sense that α|Z is in the losure of the
Kähler one of Z.
Theorem 2.6. Let α be a nef ohomology lass on a smooth projetive va-
riety X. Then there exists an almost holomorphi, dominant rational map
f : X 99K Y with onneted bers, suh that
1. α is numerially trivial on all ompat bers F of f with dimF =
dimX − dimY
2. for every general point x ∈ X and every irreduible urve C passing
through x with dim f(C) > 0, we have α · C > 0.
The map f is unique up to birational equivalene of Y .
In partiular, if two general points of X an be joined by a hain C of
urves suh that α · C = 0, then α ≡ 0.
2.3. The nef dimension. Sine Y is unique up to a birational map, its
dimension dimY is an invariant of L whih we ompare to the other known
invariants.
Denition 2.7. The dimension dimY is alled the nef dimension of L. We
write n(L) := dimY .
As usual we let ν(L) be the numerial Kodaira dimension of L, i.e. the
maximal number k suh that Lk 6≡ 0. Alternatively, if H is a xed ample
line bundle, then ν(L) is the maximal number k suh that Lk ·Hn−k 6= 0.
Proposition 2.8. The nef dimension is never smaller than the numerial
Kodaira dimension:
ν(L) ≤ n(L).
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Proof. Fix a very ample line bundle H ∈ Pic(X) and set ν := ν(L). Let Z
be a general member ut out by n− ν elements of |H|. The dimension of Z
will thus be dimZ = ν, and sine Lν ·Hn−ν > 0, the restrition L|Z is big
(and nef). Consequene: dim f(Z) = ν, sine otherwise Z would be overed
by urves C whih are ontained in general bers of f , so that L · C = 0,
ontraditing the bigness of L|Z . In partiular, we have dimY ≥ dim f(Z) =
ν and our laim is shown.
Corollary 2.9. The nef dimension is never smaller than the Kodaira di-
mension:
κ(L) ≤ n(L).
2.4. The struture of the redution map. Again let L be a nef line
bundle on a projetive manifold and f : X → Y a redution map. In this
setion we will shed light on the struture of the map in a few simple ases.
At the present time, however, we annot say muh about f in good gen-
erality. The following natural question is, to our knowledge, open.
Question 2.10. Are there any reasonable irumstanes under whih the re-
dution map an be taken holomorphi? Is it possible to onstrut an example
where the redution map annot be hosen to be holomorphi?
Of ourse, the abundane onjeture implies that the f an be hosen
holomorphi in the ase where L = KX . Likewise, we expet a holomorphi
redution map when L = −KX .
2.4.1. The ase where L is big. If L is big and nef, then n(L) = dimX. The
onverse however is false: there are examples of surfaes X arrying a line
bundle L suh that L · C > 0 for all urves C but L2 = 0. So in that ase
n(L) = 2, but ν(L) = 1. The rst expliit example is due to Mumford, see
[Ha70℄. This also shows that equality an fail in proposition 2.8.
2.4.2. The ase where n(L) = dimX = 2. In this ase, we have L · C > 0
for all but an at most ountable number of irreduible urves C ⊂ X. These
urves neessarily have semi-negative self-intersetion C2 ≤ 0.
2.4.3. The ase where n(X) = 1 and dimX = 2. Here we an hoose Y to
be a smooth urve. The almost-holomorphi redution f : X → Y will thus
be holomorphi. In this situation, we laim that the numerial lass of a
suitable multiple of L omes from downstairs:
Proposition 2.11. If n(X) = 1, then there exists a Q-divisor A on Y suh
that
L ≡ f∗(A).
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Proof. Sine L is nef, it arries a singular metri with positive urvature ur-
rent T, in partiular c1(L) = [T ]. Sine L·F = 0, and sine every (1, 1)−form
ϕ on Y is losed, we onlude that
f∗(T )(ϕ) = T (f
∗(ϕ)) = [T ] · [f∗(ϕ)] = 0,
sine [f∗(ϕ)] = λ[F ] for a ber F of f .
Hene f∗(T ) = 0. Let Y0 be the maximal open subset of Y over whih f
is a submersion and let X0 = f
−1(Y0). Then by [HL83, (18)℄
T |X0 =
∑
µiFi,
where Fi are bers of f |X0 and µi > 0. Hene supp(T−
∑
µiFi) ⊂ X\X0, an
analyti set of dimension 1. Hene by a lassial theorem (see e.g. [HL83℄),
T −
∑
µiFi =
∑
λjGj
where Gj are irreduible omponents of X \X0, i.e. of bers, of dimension 1
and where λj > 0. Sine (
∑
λjGj)
2 = 0, Zariski's lemma shows that
∑
λjGj
is a multiple of bers, whene L ≡ f∗(A) for a suitable Q-divisor A on B.
Here is an algebrai proof, whih however does not easily extend to higher
dimensions as the previous (see 2.3.4).
Fix an ample line bundle A on X and hoose a positive rational number
m suh that L · A = mF · A. Let D = mF. Then L2 = L · D = D2 and
L · A = D · A. Introduing r = L2 and d = L · A, the ample line bundles
L′ = L+A and D′ = D +A fulll the equation
(L′ ·D′)2 = (r + 2d+A2)2 = (L′)2(D′)2,
hene L and D are numerially proportional, and so do L and D. Conse-
quently L ≡ f(A) as before.
2.4.4. The ase when n(L) = 1 and dimX is arbitrary. The onsiderations
of setion 2.4.3 easily generalize to higher dimensions: if X is a projetive
manifold and L a nef line bundle on X with n(L) = 1, then the redution
map f : X → Y is holomorphi and there exists a Q-divisor on Y suh that
L ≡ f∗(A).
2.4.5. The ase where n(L) = 0. We have n(L) = 0 if and only if L ≡ 0.
3. A Counterexample
In [Ts00℄, H. Tsuji laims the following:
Claim 3.1. Let (L, h) be a line bundle with a singular hermitian metri on
a smooth projetive variety X suh that the urvature urrent Θh is non-
negative. Then there exists a (up to birational equivalene) unique rational
bration
f : X −− → Y
suh that
(a) f is regular over the generi point of Y ,
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(b) (L, h)|F is well dened and numerially trivial for every very general
ber F , and
() dimY is minimal among suh brations.
Tsuji alls a pair (L, h) numerially trivial if for every irreduible urve C
on X, whih is not ontained in the singular lous of h,
(L, h).C = 0
holds. The intersetion number has the following
Denition 3.2. Let (L, h) be a line bundle with a singular hermitian metri
on a smooth projetive variety X suh that the urvature urrent Θh is non-
negative. Let C be an irreduible urve on X suh that the natural morphism
I(hm) ⊗ OC → OC is an isomorphism at the generi point of C for every
m ≥ 0. Then
(L, h).C := lim sup
m→∞
dimH0(C,OC(mL)⊗ I(h
m)/tor)
m
,
where tor denotes the torsion part of OC(mL)⊗ I(h
m).
Of ourse, laim 3.1 is trivial as stated exept for the uniqueness asser-
tion. What is meant is that every urve C with (L, h).C = 0 is ontrated
by f . This is also lear from Tsuji's onstrution.
In order to make sense of laim 3.1, statement () must be given the
following meaning: if x ∈ X is very general, then (L, h) ·C > 0 for all urves
C through x.
There is an easy ounterexample to the Claim 3.1: Take X = P2 with
homogeneous oordinates (z0 : z1 : z2), L = O(1) and let h be indued by
the inomplete linear system of lines passing through (1 : 0 : 0). Then the
orresponding plurisubharmoni funtion φ is given by 1
2
log(|z1|
2 + |z2|
2).
By [De00, 5.9℄, it is possible to redue the alulation of I(hm) to an
algebrai problem: Sine the ideal sheaf Jp generated by z1, z2 desribes the
redued point p = (1 : 0 : 0), it is integrally losed. Let µ : F1 → P
2
be the
blow up of P2 in p. Then µ∗Jp is the invertible sheaf O(−E) assoiated with
the exeptional divisor E. Now, one has KF1 = µ
∗KP2 + E. By the diret
image formula in [De00, 5.8℄ it follows
I(mφ) = µ∗(O(KF1 − µ
∗KP2)⊗ I(mφ ◦ µ)).
Now, (zi ◦ µ) are generators of the ideal O(−E), hene
mφ ◦ µ ∼ m log g,
where g is a loal generator of O(−E). But I(mφ ◦ µ)) = O(−mE), hene
I(mφ) = µ∗OF1((1−m)E) = J
m−1
p .
Let C ⊂ P2 be a smooth urve of degree d and genus g. If p 6∈ C then
OC(mL)⊗ J
m−1
p = OC(mL), and (L, h).C = L.C = d. On the other hand,
if p ∈ C, then
OC(mL)⊗ J
m−1
p = OC(mL− (m− 1)p).
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The degree of this invertible sheaf is md−m+ 1 = m(d− 1) + 1, hene by
Riemann-Roh
lim sup
m→∞
dimH0(C,OC (mL)⊗ I(mφ))
m
= lim sup
m→∞
m(d− 1) + 1 + 1− g
m
= d− 1.
Consequently, Tsuji's bration ould only be the trivial map P2 → P2:
It an't be the map to a point, beause there are urves with intersetion
number ≥ 1 on P2, and it an't be an almost holomorphi rational map to
a urve, beause P2 does not ontain urves with vanishing self-intersetion.
This ontradits ondition () in the laim.
It remains an open question if laim 3.1 is true without ondition (a), and
if in the ase of singular hermitian metris indued by linear systems, the
bration may be taken as the indued rational map.
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